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�����, ����� I

1. �¥è¨â¥ ãà ¢­¥­¨¥
cos 3x

sin 3x− 2 sin x
= tg2 x.

�â¢¥â: x = π
4 + πn, n ∈ Z.

�¥è¥­¨¥: � ª ª ª sin 3x − 2 sin x = (1 − 4 sin2 x) sin x = (4 cos2 x − 3) sin x =

= (2 cos 2x− 1) sin x,   cos 3x = (4 cos2 x− 3) cos x, â® ¨áå®¤­®¥ ãà ¢­¥­¨¥ à ¢­®-
á¨«ì­® ctg x = tg2 x ¯à¨ ãá«®¢¨ïå sin 2x 6= 0 ¨ cos 2x 6= 1

2 . �®«ãç ¥¬ tg3 x = 1,
â. ¥. x = π

4 + πn, n ∈ Z. �®£¤  sin 2x = 1 6= 0 ¨ cos 2x = 0 6= 1
2 . �«¥¤®¢ â¥«ì­®,

íâ® à¥è¥­¨ï.
2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©





√
4x2 +

√
9x2 − y2 = 3

4 + 2x,√
15
16 + 6x− 4

3y = 1 + 4
3y.

�â¢¥â:
(− 5

48 ; − 3
16

)
.

�¥è¥­¨¥: �§ ¯¥à¢®£® ãà ¢­¥­¨ï ¨¬¥¥¬ 2x + 3
4 ≥ 0 ¨

√
9x2 − y2 = 3x +

(3
4

)2 ≥
≥ 0. �«¥¤®¢ â¥«ì­®, −y2 = 6x

(3
4

)2
+

(3
4

)4, â. ¥. 6x = − (4
3y

)2 − 9
16 . �§ ¢â®à®£®

ãà ¢­¥­¨ï á¨áâ¥¬ë ¨¬¥¥¬ 4
3y + 1 ≥ 0 ¨ 6x =

(4
3y

)2
+ 4y + 1

16 . �«¥¤®¢ â¥«ì­®,
2
(4

3y
)2

+3
(4

3y
)
+ 5

8 = 0. �®£¤  4
3y = −3±2

4 . �á«¨ 4
3y = −5

4 , â® 4
3y +1 = −1

4 < 0, â. ¥.
íâ® ­¥ à¥è¥­¨¥. �á«¨ ¦¥ 4

3y = −1
4 , â® 4

3y + 1 = 3
4 > 0, y = − 3

16 ,   6x = −5
8 , â. ¥.

x = − 5
48 . �à¨ íâ®¬ 3x + 9

16 = 1
4 > 0 ¨ 2x + 3

4 = 13
24 > 0, â. ¥. íâ® à¥è¥­¨¥.

3. �¥è¨â¥ ­¥à ¢¥­áâ¢®

log|x|
(√

x + 5 + 4
)
≥ 2 logx2(2x + 8).

�â¢¥â: (−4,−1) ∪ (−1, 0) ∪ (0, 1).
�¥è¥­¨¥: ���: x ∈ (−4,−1) ∪ (−1, 0) ∪ (0, 1) ∪ (1, +∞). �à¥®¡à §ã¥¬ ª ¢¨¤ã

log|x|
(√

x + 5 + 4
)
≥ log|x|(2x + 8).
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�à¨ |x| > 1 ¨¬¥¥¬
√

x + 5 + 4 ≥ 2x + 8, â. ¥.
√

x + 5 ≥ 2x + 4. �«¥¤®¢ â¥«ì­®,
«¨¡® x < −2, «¨¡® x ≥ −2 ¨ x + 5 ≥ (2x + 4)2. �®£¤  ¯à¨ x ≥ −2 ¯®«ãç ¥¬
4x2 + 15x + 11 ≤ 0, â. ¥. x ∈ [−11

4 ,−1
]
. �«¥¤®¢ â¥«ì­®, x ≤ −1,   ãç¨âë¢ ï ���

¯®«ãç ¥¬ x ∈ (−4,−1) | à¥è¥­¨ï. �à¨ |x| < 1 ¨¬¥¥¬
√

x + 5 + 4 ≤ 2x + 8, â. ¥.
x ≥ −1. �ç¨âë¢ ï ��� ¯®«ãç ¥¬ x ∈ (−1, 0) ∪ (0, 1) | à¥è¥­¨ï.
4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
= 7.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
�â¢¥â: r =

√
57
4 , ρ =

√
7

4 , V = 18
√

3
7 .

�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =
√

9 + 3 =
√

12, â. ¥.
AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 7. �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .

�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
A1A

′K ¨ BB′K ¨¬¥¥¬: A′K
B′K = 7. �®£¤  A′K = 7t, B′K = t, A′B′ = A′K + B′K =

= 8t = 2, ®âªã¤  t = 1
4 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 − B′K = 1 − 1
4 = 3

4 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 9

16 = 57
16 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 57
16 . �â® ®§­ ç ¥â, çâ® P ′

| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r =
√

57
4 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
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� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =
√

3 + 1 = 2 = C ′D′ = P ′D′.
�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π

3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π
2 − π

3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬
−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 3

4 , 0
)
, −−→OK

(√
3, 3

4 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:




3 + 9
16 + z2 = 4,

3
2 − hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 9
16 =

√
7

4 | ¨áª®¬®¥ à ááâ®ï­¨¥,  

¢ëá®â  ¯à¨§¬ë h = 6√
7
, â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3

√
3h = 18

√
3
7 .
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�����, ����� II

5. � âà¥ã£®«ì­¨ª¥ ABC â®çª  D «¥¦¨â ­  áâ®à®­¥ AC,   â®çª  E «¥¦¨â ­ 
®âà¥§ª¥ AD. �§¢¥áâ­®, çâ® ã£«ë ABE, DBE ¨ CBD à ¢­ë,   ¤«¨­  ®âà¥§ª  DE

¢¤¢®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  CD ¨ ¢âà®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  AE. � ©¤¨â¥
ã£«ë ABE ¨ ACB.
�â¢¥â: ∠ABE = π

4 , ∠ACB = arctg 1
2 .

�¥è¥­¨¥: �ãáâì ∠ABE = ∠DBE = ∠CBD = α, ∠ACB = β, DE = x. �®£¤ 
CD = 2x ¨ AE = 3x. � ª ª ª BE ï¢«ï¥âáï ¡¨áá¥ªâà¨áá®© ¢ 4ABD, â® AB

BD =

= AE
DE = 3, â. ¥. AB = 3BD. �® â¥®à¥¬¥ á¨­ãá®¢ ¨§ 4ABC ¨ 4DBC ¨¬¥¥¬:

AB

sin β
=

3BD

sin β
=

6x

sin 3α
¨ BD

sin β
=

2x

sin α
.

�«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ 2x
sin 3α = 2x

sinα , â. ¥. sin 3α = sin α. � ª ª ª ¯® ãá«®¢¨î
á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  0 < α < π

3 , â® ¯®«ãç ¥¬ à ¢¥­áâ¢® α = π
4 . �«¥¤®¢ -

â¥«ì­®, ∠CBE = 2α = π
2 ¨ 4CBE ¯àï¬®ã£®«ì­ë©. �®£¤  tg β = BE

BC = DE
DC = 1

2 ,
â. ¥. β = arctg 1

2 .
6. � ©¤¨â¥, ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà  a á¨áâ¥¬  ãà ¢­¥­¨©





x2 − y + a = 0,

x + y2 + a = 0

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
�â¢¥â: a = 1

4 .
�¥è¥­¨¥: �¥à¥¯¨è¥¬ á¨áâ¥¬ã ¢ ¢¨¤¥





y = x2 + a,

x = −y2 − a.

� ¬¥â¨¬, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ a ¯ à ¡®«  x = −y2 − a ¯®«ãç ¥âáï ¨§ ¯ -
à ¡®«ë y = x2 + a ¯®¢®à®â®¬ ­  90◦ ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �«¥¤®¢ â¥«ì­®,
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ãª § ­­ë¥ ¯ à ¡®«ë «¨¡® ­¥ ¨¬¥îâ ®¡é¨å â®ç¥ª, «¨¡® ª á îâáï ¯àï¬®© y =

= −x ¢ ®¤­®© ¨ â®© ¦¥ â®çª¥, «¨¡® ¨¬¥îâ ­¥ ¬¥­ìè¥ ¤¢ãå â®ç¥ª ¯¥à¥á¥ç¥­¨ï.
� ª¨¬ ®¡à §®¬, á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ â®«ìª® ¢ á«ãç ¥ ª á ­¨ï
ãª § ­­ëå ¯ à ¡®« ¯àï¬®© y = −x ¢ ­¥ª®â®à®© â®çª¥ á ª®®à¤¨­ â ¬¨ (x; y).
�á«®¢¨ï ª á ­¨ï § ¯¨èãâáï ¢ ¢¨¤¥ 2x = − 1

2y = −1, â. ¥. x = −1
2 , y = 1

2 , ¨
a = y − x2 = −x− y2 = 1

4 .
7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©





2x2 = yz + 2x,

2y2 = xz + 2y,

2z2 = xy + 2z.

�â¢¥â:





(0; 0; 0), (1; 0; 0), (0; 1; 0), (0; 0; 1),

(2; 2; 2),
(−2

7 ;
6
7 ;

6
7

)
,

(6
7 ;−2

7 ;
6
7

)
,

(6
7 ;

6
7 ;−2

7

)
.

�¥è¥­¨¥: �¬¥¥¬




2(x2 − y2) + z(x− y) = 2(x− y),

2(y2 − z2) + x(y − z) = 2(y − z),

2z2 − xy − 2z = 0,





(x− y)(2x + 2y + z − 2) = 0,

(y − z)(2y + 2z + x− 2) = 0,

2z2 − xy − 2z = 0.

1) �á«¨ x = y = z, â® z2 = 2z ¨ z = 0 = x = y ¨«¨ z = 2 = x = y.
2) �á«¨ x = y 6= z, â® 2y + 2z + x = 2, â. ¥. 3x = 2 − 2z ¨ 2z2 = x2 + 2z. �®£¤ 
x = 2

3(1− z) ¨ 2z2 = 4
9(z

2− 2z + 1) + 2z. �®«ãç ¥¬ 14z2− 10z− 4 = 0 ¨ z = 1 ¨«¨
z = −2

7 . �á«¨ z = 1, â® x = y = 0. �á«¨ z = −2
7 , â® x = y = 6

7 .
3) �á«¨ z = y 6= x, â® 2x+2y+z = 2, â. ¥. 2x = 2−3y ¨ 2y2 = (x+2)y = 3y− 3

2y
2.

�®£¤  «¨¡® y = 0 = z ¨ x = 1, «¨¡® 7
2y = 3. �®«ãç ¥¬ y = 6

7 = z ¨ x = −2
7 .

4) �á«¨ x 6= y 6= z, â® 2x + 2y + z = 2y + 2z + x = 2. �«¥¤®¢ â¥«ì­®, x = z ¨
2y + 3x = 2, â. ¥. y = 1 − 3

2x. �®«ãç ¥¬ 2x2 = 3x − 3
2x

2, â. ¥. «¨¡® x = 0 = z ¨
y = 1, «¨¡® 2x = 3− 3

2x, x = 6
7 = z ¨ y = −2

7 .
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��������� �� ���������� \������-2009"

�����, ����� I

1. �¥è¨â¥ ãà ¢­¥­¨¥
sin 4x

4 cos x + cos 3x
= −4 sin3 x.

�â¢¥â: x = πn, n ∈ Z.
�¥è¥­¨¥: �¬¥¥¬ à ¢¥­áâ¢  4 cos x+cos 3x = (1+4 cos2 x)cos x = (3+2 cos 2x)cos x,
sin 4x = 4 sin x cos x cos 2x, 4 sin3 x = 2(1−cos 2x) sin x. �«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥
à ¢­®á¨«ì­®

(
4 cos 2x + 2(1− cos 2x)(3 + 2 cos 2x)

)
sin x = 0 ¯à¨ ãá«®¢¨¨ cos x 6=

6= 0. �®£¤  «¨¡® sin x = 0 ¨ x = πn | à¥è¥­¨ï, «¨¡® 2 cos2 2x− cos 2x− 3 = 0. �
¯®á«¥¤­¥¬ á«ãç ¥ «¨¡® cos 2x = −1 ¨ â®£¤  cos x = 1+cos 2x

2 = 0, «¨¡® cos 2x = 3
2 .

�«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ­¥â à¥è¥­¨©.
2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©





√
x2 +

√
9
4x

2 − 4y2 = 3
4 + x,

√
15
16 + 3x + 8

3y = 1− 8
3y.

�â¢¥â:
(− 5

24 ; 3
32

)
.

�¥è¥­¨¥: �§ ¯¥à¢®£® ãà ¢­¥­¨ï ¨¬¥¥¬ x + 3
4 ≥ 0 ¨

√
9
4x

2 − 4y2 = 3
2x +

(3
4

)2 ≥
≥ 0. �«¥¤®¢ â¥«ì­®, −4y2 = 3x

(3
4

)2
+

(3
4

)4, â. ¥. 3x = − (8
3y

)2 − 9
16 . �§ ¢â®à®£®

ãà ¢­¥­¨ï á¨áâ¥¬ë ¨¬¥¥¬ 1 − 8
3y ≥ 0 ¨ 3x =

(8
3y

)2 − 8y + 1
16 . �«¥¤®¢ â¥«ì­®,

2
(8

3y
)2−3

(8
3y

)
+ 5

8 = 0. �®£¤  8
3y = 3±2

4 . �á«¨ 8
3y = 5

4 , â® 1− 8
3y = −1

4 < 0, â. ¥. íâ®
­¥ à¥è¥­¨¥. �á«¨ ¦¥ 8

3y = 1
4 , â® 1− 8

3y = 3
4 > 0, y = 3

32 ,   3x = −5
8 , â. ¥. x = − 5

24 .
�à¨ íâ®¬ 3

2x + 9
16 = 1

4 > 0 ¨ x + 3
4 = 13

24 > 0, â. ¥. íâ® à¥è¥­¨¥.
3. �¥è¨â¥ ­¥à ¢¥­áâ¢®

log|x−1|
(√

x + 4 + 4
)
≥ 2 log(x−1)2(2x + 6).

�â¢¥â: (−3, 0) ∪ (0, 1) ∪ (1, 2).
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�¥è¥­¨¥: ���: x ∈ (−3, 0) ∪ (0, 1) ∪ (1, 2) ∪ (2, +∞). �à¥®¡à §ã¥¬ ª ¢¨¤ã

log|x−1|
(√

x + 4 + 4
)
≥ log|x−1|(2x + 6).

�à¨ |x− 1| > 1 ¨¬¥¥¬
√

x + 4+4 ≥ 2x+6, â. ¥.
√

x + 4 ≥ 2x+2. �«¥¤®¢ â¥«ì­®,
«¨¡® x < −1, «¨¡® x ≥ −1 ¨ x + 4 ≥ (2x + 2)2. �®£¤  ¯à¨ x ≥ −1 ¯®«ãç ¥¬
4x2 + 7x ≤ 0, â. ¥. x ∈ [−7

4 , 0
]
. �«¥¤®¢ â¥«ì­®, x ≤ 0,   ãç¨âë¢ ï ��� ¯®«ãç ¥¬

x ∈ (−3, 0) | à¥è¥­¨ï. �à¨ |x − 1| < 1 ¨¬¥¥¬
√

x + 4 + 4 ≤ 2x + 6, â. ¥. x ≥ 0.
�ç¨âë¢ ï ��� ¯®«ãç ¥¬ x ∈ (0, 1) ∪ (1, 2) | à¥è¥­¨ï.
4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
= 5.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
�â¢¥â: r =

√
31
3 , ρ =

√
5

3 , V = 12
√

3
5 .

�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =
√

9 + 3 =
√

12, â. ¥.
AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 5. �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .

�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
A1A

′K ¨ BB′K ¨¬¥¥¬: A′K
B′K = 5. �®£¤  A′K = 5t, B′K = t, A′B′ = A′K + B′K =

= 6t = 2, ®âªã¤  t = 1
3 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 − B′K = 1 − 1
3 = 2

3 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 4

9 = 31
9 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 31
9 . �â® ®§­ ç ¥â, çâ® P ′
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| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r =
√

31
3 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =

√
3 + 1 = 2 = C ′D′ = P ′D′.

�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π
3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π

2 − π
3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬
−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 2

3 , 0
)
, −−→OK

(√
3, 2

3 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:




3 + 4
9 + z2 = 4,

4
3 − hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 4
9 =

√
5

3 | ¨áª®¬®¥ à ááâ®ï­¨¥,  

¢ëá®â  ¯à¨§¬ë h = 4√
5
, â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3

√
3h = 12

√
3
5 .
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��������� �� ���������� \������-2009"

�����, ����� II

5. � âà¥ã£®«ì­¨ª¥ ABC â®çª  D «¥¦¨â ­  áâ®à®­¥ AC,   â®çª  E «¥¦¨â ­ 
®âà¥§ª¥ AD. �§¢¥áâ­®, çâ® ã£«ë ABE, DBE ¨ CBD à ¢­ë,   ¤«¨­  ®âà¥§ª  DE

¢¤¢®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  CD ¨ ¢âà®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  AE. � ©¤¨â¥
ã£«ë DBE ¨ BDA.
�â¢¥â: ∠DBE = π

4 , ∠BDA = arctg 3.
�¥è¥­¨¥: �ãáâì ∠ABE = ∠DBE = ∠CBD = α, ∠ACB = β, DE = x. �®£¤ 
CD = 2x ¨ AE = 3x. � ª ª ª BE ï¢«ï¥âáï ¡¨áá¥ªâà¨áá®© ¢ 4ABD, â® AB

BD =

= AE
DE = 3, â. ¥. AB = 3BD. �® â¥®à¥¬¥ á¨­ãá®¢ ¨§ 4ABC ¨ 4DBC ¨¬¥¥¬:

AB

sin β
=

3BD

sin β
=

6x

sin 3α
¨ BD

sin β
=

2x

sin α
.

�«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ 2x
sin 3α = 2x

sinα , â. ¥. sin 3α = sin α. � ª ª ª ¯® ãá«®¢¨î
á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  0 < α < π

3 , â® ¯®«ãç ¥¬ à ¢¥­áâ¢® α = π
4 . �«¥¤®¢ -

â¥«ì­®, ∠ABD = 2α = π
2 ¨ 4ABD ¯àï¬®ã£®«ì­ë©. �®£¤  tg ∠BDA = AB

BD =

= AE
DE = 3, â. ¥. ∠BDA = arctg 3.

6. � ©¤¨â¥, ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà  a á¨áâ¥¬  ãà ¢­¥­¨©




x− y2 − a = 0,

x2 + y + a = 0

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
�â¢¥â: a = 1

4 .
�¥è¥­¨¥: �¥à¥¯¨è¥¬ á¨áâ¥¬ã ¢ ¢¨¤¥





x = y2 + a,

y = −x2 − a.

� ¬¥â¨¬, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ a ¯ à ¡®«  x = y2 + a ¯®«ãç ¥âáï ¨§ ¯ à -
¡®«ë y = −x2 − a ¯®¢®à®â®¬ ­  90◦ ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �«¥¤®¢ â¥«ì­®,
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ãª § ­­ë¥ ¯ à ¡®«ë «¨¡® ­¥ ¨¬¥îâ ®¡é¨å â®ç¥ª, «¨¡® ª á îâáï ¯àï¬®© y =

= −x ¢ ®¤­®© ¨ â®© ¦¥ â®çª¥, «¨¡® ¨¬¥îâ ­¥ ¬¥­ìè¥ ¤¢ãå â®ç¥ª ¯¥à¥á¥ç¥­¨ï.
� ª¨¬ ®¡à §®¬, á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ â®«ìª® ¢ á«ãç ¥ ª á ­¨ï
ãª § ­­ëå ¯ à ¡®« ¯àï¬®© y = −x ¢ ­¥ª®â®à®© â®çª¥ á ª®®à¤¨­ â ¬¨ (x; y).
�á«®¢¨ï ª á ­¨ï § ¯¨èãâáï ¢ ¢¨¤¥ −2x = 1

2y = −1, â. ¥. x = 1
2 , y = −1

2 , ¨
a = x− y2 = −y − x2 = 1

4 .
7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




2x2 = yz − 2x,

2y2 = −xz + 2y,

2z2 = −xy + 2z.

�â¢¥â:





(0; 0; 0), (−1; 0; 0), (0; 1; 0), (0; 0; 1),

(−2; 2; 2),
(2

7 ;
6
7 ;

6
7

)
,

(−6
7 ;−2

7 ;
6
7

)
,

(−6
7 ;

6
7 ;−2

7

)
.

�¥è¥­¨¥: �¬¥¥¬



2(x2 − y2)− z(x + y) = −2(x + y),

2(y2 − z2)− x(y − z) = 2(y − z),

2z2 + xy − 2z = 0,





(x + y)(2x− 2y − z + 2) = 0,

(y − z)(2y + 2z − x− 2) = 0,

2z2 + xy − 2z = 0.

1) �á«¨ −x = y = z, â® z2 = 2z ¨ z = 0 = −x = y ¨«¨ z = 2 = −x = y.
2) �á«¨ −x = y 6= z, â® 2y + 2z− x = 2, â. ¥. −3x = 2− 2z ¨ 2z2 = x2 + 2z. �®£¤ 
x = 2

3(z− 1) ¨ 2z2 = 4
9(z

2− 2z + 1) + 2z. �®«ãç ¥¬ 14z2− 10z− 4 = 0 ¨ z = 1 ¨«¨
z = −2

7 . �á«¨ z = 1, â® −x = y = 0. �á«¨ z = −2
7 , â® −x = y = 6

7 .
3) �á«¨ z = y 6= −x, â® −2x + 2y + z = 2, â. ¥. 2x = 3y − 2 ¨ 2y2 = (2 − x)y =

= 3y − 3
2y

2. �®£¤  «¨¡® y = 0 = z ¨ x = −1, «¨¡® 7
2y = 3. �®«ãç ¥¬ y = 6

7 = z ¨
x = 2

7 .
4) �á«¨ −x 6= y 6= z, â® −2x + 2y + z = 2y + 2z − x = 2. �«¥¤®¢ â¥«ì­®, −x = z

¨ 2y− 3x = 2, â. ¥. y = 1 + 3
2x. �®«ãç ¥¬ 2x2 = −3x− 3

2x
2, â. ¥. «¨¡® x = 0 = z ¨

y = 1, «¨¡® 2x = −3− 3
2x, x = −6

7 = −z ¨ y = −2
7 .
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��������� �� ���������� \������-2009"

�����, ����� I

1. �¥è¨â¥ ãà ¢­¥­¨¥
sin 3x

cos 3x + 2 cos x
= ctg2 x.

�â¢¥â: x = π
4 + πn, n ∈ Z.

�¥è¥­¨¥: � ª ª ª cos 3x + 2 cos x = (4 cos2 x − 1) cos x = (2 cos 2x + 1) cos x,  
sin 3x = (3−4 sin2 x) sin x = (4 cos2 x−1) sin x, â® ¨áå®¤­®¥ ãà ¢­¥­¨¥ à ¢­®á¨«ì­®
tg x = ctg2 x ¯à¨ ãá«®¢¨ïå sin 2x 6= 0 ¨ cos 2x 6= −1

2 . �®«ãç ¥¬ tg3 x = 1, â. ¥.
x = π

4 + πn, n ∈ Z. �®£¤  sin 2x = 1 6= 0 ¨ cos 2x = 0 6= −1
2 . �«¥¤®¢ â¥«ì­®, íâ®

à¥è¥­¨ï.
2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©





√
4
9x

2 +
√

x2 − 9y2 = 3
4 − 2

3x,√
15
16 − 2x− 4y = 1 + 4y.

�â¢¥â:
( 5

16 ; − 1
16

)
.

�¥è¥­¨¥: �§ ¯¥à¢®£® ãà ¢­¥­¨ï ¨¬¥¥¬ 3
4 − 2

3x ≥ 0 ¨
√

x2 − 9y2 = −x +
(3

4

)2 ≥ 0.
�«¥¤®¢ â¥«ì­®, −9y2 = −2x

(3
4

)2
+

(3
4

)4, â. ¥. −2x = − (4y)2 − 9
16 . �§ ¢â®à®£®

ãà ¢­¥­¨ï á¨áâ¥¬ë ¨¬¥¥¬ 4y + 1 ≥ 0 ¨ −2x = (4y)2 + 12y + 1
16 . �«¥¤®¢ â¥«ì­®,

2 (4y)2 + 3 (4y) + 5
8 = 0. �®£¤  4y = −3±2

4 . �á«¨ 4y = −5
4 , â® 4y + 1 = −1

4 < 0, â. ¥.
íâ® ­¥ à¥è¥­¨¥. �á«¨ ¦¥ 4y = −1

4 , â® 4y + 1 = 3
4 > 0, y = − 1

16 ,   −2x = −5
8 , â. ¥.

x = 5
16 . �à¨ íâ®¬ −x + 9

16 = 1
4 > 0 ¨ −2

3x + 3
4 = 13

24 > 0, â. ¥. íâ® à¥è¥­¨¥.
3. �¥è¨â¥ ­¥à ¢¥­áâ¢®

log|x|
(√

5− x + 4
) ≥ 2 logx2(8− 2x).

�â¢¥â: (−1, 0) ∪ (0, 1) ∪ (1, 4).
�¥è¥­¨¥: ���: x ∈ (−∞,−1) ∪ (−1, 0) ∪ (0, 1) ∪ (1, 4). �à¥®¡à §ã¥¬ ª ¢¨¤ã

log|x|
(√

5− x + 4
) ≥ log|x|(8− 2x).
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�à¨ |x| > 1 ¨¬¥¥¬
√

5− x+4 ≥ 8−2x, â. ¥.
√

5− x ≥ 4−2x. �«¥¤®¢ â¥«ì­®, «¨¡®
x > 2, «¨¡® x ≤ 2 ¨ 5−x ≥ (4−2x)2. �®£¤  ¯à¨ x ≤ 2 ¯®«ãç ¥¬ 4x2−15x+11 ≤ 0,
â. ¥. x ∈ [

1, 11
4

]
. �«¥¤®¢ â¥«ì­®, x ≥ 1,   ãç¨âë¢ ï ��� ¯®«ãç ¥¬ x ∈ (1, 4) |

à¥è¥­¨ï. �à¨ |x| < 1 ¨¬¥¥¬
√

5− x + 4 ≤ 8 − 2x, â. ¥. x ≤ 1. �ç¨âë¢ ï ���
¯®«ãç ¥¬ x ∈ (−1, 0) ∪ (0, 1) | à¥è¥­¨ï.
4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
=

7

3
.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
�â¢¥â: r =

√
79
5 , ρ =

√
21
5 , V = 12√

7
.

�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =
√

9 + 3 =
√

12, â. ¥.
AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 7

3 . �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .
�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
A1A

′K ¨ BB′K ¨¬¥¥¬: A′K
B′K = 7

3 . �®£¤  A′K = 7t, B′K = 3t, A′B′ = A′K +B′K =

= 10t = 2, ®âªã¤  t = 1
5 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 −B′K = 1− 3
5 = 2

5 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 4

25 = 79
25 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 79
25 . �â® ®§­ ç ¥â, çâ® P ′

| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r =
√

79
5 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
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� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =
√

3 + 1 = 2 = C ′D′ = P ′D′.
�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π

3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π
2 − π

3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬
−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 2

5 , 0
)
, −−→OK

(√
3, 2

5 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:




3 + 4
25 + z2 = 4,

4
5 − hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 4
25 =

√
21
5 | ¨áª®¬®¥ à ááâ®ï­¨¥,

  ¢ëá®â  ¯à¨§¬ë h = 4√
21

, â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3
√

3h = 12√
7
.
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��������� �� ���������� \������-2009"

�����, ����� II

5. � âà¥ã£®«ì­¨ª¥ ABC â®çª  D «¥¦¨â ­  áâ®à®­¥ AC,   â®çª  E «¥¦¨â ­ 
®âà¥§ª¥ AD. �§¢¥áâ­®, çâ® ã£«ë ABE, DBE ¨ CBD à ¢­ë,   ¤«¨­  ®âà¥§ª  DE

¢¤¢®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  CD ¨ ¢âà®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  AE. � ©¤¨â¥
ã£«ë CBD ¨ BAC.
�â¢¥â: ∠CBD = π

4 , ∠BAC = arctg 1
3 .

�¥è¥­¨¥: �ãáâì ∠ABE = ∠DBE = ∠CBD = α, ∠ACB = β, DE = x. �®£¤ 
CD = 2x ¨ AE = 3x. � ª ª ª BE ï¢«ï¥âáï ¡¨áá¥ªâà¨áá®© ¢ 4ABD, â® AB

BD =

= AE
DE = 3, â. ¥. AB = 3BD. �® â¥®à¥¬¥ á¨­ãá®¢ ¨§ 4ABC ¨ 4DBC ¨¬¥¥¬:

AB

sin β
=

3BD

sin β
=

6x

sin 3α
¨ BD

sin β
=

2x

sin α
.

�«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ 2x
sin 3α = 2x

sinα , â. ¥. sin 3α = sin α. � ª ª ª ¯® ãá«®¢¨î
á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  0 < α < π

3 , â® ¯®«ãç ¥¬ à ¢¥­áâ¢® α = π
4 . �«¥¤®¢ -

â¥«ì­®, ∠ABD = 2α = π
2 ¨ 4ABD ¯àï¬®ã£®«ì­ë©. �®£¤  tg ∠BAC = BD

AB =

= DE
AE = 1

3 , â. ¥. ∠BAC = arctg 1
3 .

6. � ©¤¨â¥, ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà  a á¨áâ¥¬  ãà ¢­¥­¨©




x + y2 + a = 0,

x2 + y + a = 0

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
�â¢¥â: a = 1

4 .
�¥è¥­¨¥: �¥à¥¯¨è¥¬ á¨áâ¥¬ã ¢ ¢¨¤¥





x = −y2 − a,

y = −x2 − a.

� ¬¥â¨¬, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ a ¯ à ¡®«  x = −y2−a ¯®«ãç ¥âáï ¨§ ¯ à ¡®-
«ë y = −x2−a ¯®¢®à®â®¬ ­  90◦ ¯® ç á®¢®© áâà¥«ª¥. �«¥¤®¢ â¥«ì­®, ãª § ­­ë¥
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¯ à ¡®«ë «¨¡® ­¥ ¨¬¥îâ ®¡é¨å â®ç¥ª, «¨¡® ª á îâáï ¯àï¬®© y = x ¢ ®¤­®© ¨
â®© ¦¥ â®çª¥, «¨¡® ¨¬¥îâ ­¥ ¬¥­ìè¥ ¤¢ãå â®ç¥ª ¯¥à¥á¥ç¥­¨ï. � ª¨¬ ®¡à §®¬,
á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ â®«ìª® ¢ á«ãç ¥ ª á ­¨ï ãª § ­­ëå ¯ à -
¡®« ¯àï¬®© y = x ¢ ­¥ª®â®à®© â®çª¥ á ª®®à¤¨­ â ¬¨ (x; y). �á«®¢¨ï ª á ­¨ï
§ ¯¨èãâáï ¢ ¢¨¤¥ −2x = − 1

2y = 1, â. ¥. x = −1
2 , y = −1

2 , ¨ a = −x − y2 = −y −
− x2 = 1

4 .
7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©





2x2 = yz + x,

2y2 = xz + y,

2z2 = xy + z.

�â¢¥â:





(0; 0; 0),
(1

2 ; 0; 0
)
,

(
0; 1

2 ; 0
)
,

(
0; 0; 1

2

)
,

(1; 1; 1),
(−1

7 ;
3
7 ;

3
7

)
,

(3
7 ;−1

7 ;
3
7

)
,

(3
7 ;

3
7 ;−1

7

)
.

�¥è¥­¨¥: �¬¥¥¬




2(x2 − y2) + z(x− y) = x− y,

2(y2 − z2) + x(y − z) = y − z,

2z2 − xy − z = 0,





(x− y)(2x + 2y + z − 1) = 0,

(y − z)(2y + 2z + x− 1) = 0,

2z2 − xy − z = 0.

1) �á«¨ x = y = z, â® z2 = z ¨ z = 0 = x = y ¨«¨ z = 1 = x = y.
2) �á«¨ x = y 6= z, â® 2y + 2z + x = 1, â. ¥. 3x = 1 − 2z ¨ 2z2 = x2 + z. �®£¤ 
x = 1

3(1 − 2z) ¨ 2z2 = 1
9(4z

2 − 4z + 1) + z. �®«ãç ¥¬ 14z2 − 5z − 1 = 0 ¨ z = 1
2

¨«¨ z = −1
7 . �á«¨ z = 1

2 , â® x = y = 0. �á«¨ z = −1
7 , â® x = y = 3

7 .
3) �á«¨ z = y 6= x, â® 2x+2y+z = 1, â. ¥. 2x = 1−3y ¨ 2y2 = (x+1)y = 3

2y− 3
2y

2.
�®£¤  «¨¡® y = 0 = z ¨ x = 1

2 , «¨¡® 7
2y = 3

2 . �®«ãç ¥¬ y = 3
7 = z ¨ x = −1

7 .
4) �á«¨ x 6= y 6= z, â® 2x + 2y + z = 2y + 2z + x = 1. �«¥¤®¢ â¥«ì­®, x = z ¨
2y + 3x = 1, â. ¥. y = 1

2 − 3
2x. �®«ãç ¥¬ 2x2 = 3

2x − 3
2x

2, â. ¥. «¨¡® x = 0 = z ¨
y = 1

2 , «¨¡® 2x = 3
2 − 3

2x, x = 3
7 = z ¨ y = −1

7 .
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1. �¥è¨â¥ ãà ¢­¥­¨¥
sin 4x

4 sin x− sin 3x
= 4 cos3 x.

�â¢¥â: x = π
2 + πn, n ∈ Z.

�¥è¥­¨¥: �¬¥¥¬ à ¢¥­áâ¢  4 sin x−sin 3x = (1+4 sin2 x) sin x = (3−2 cos 2x) sin x,
sin 4x = 4 sin x cos x cos 2x, 4 cos3 x = 2(1+cos 2x) cos x. �«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥
à ¢­®á¨«ì­®

(
4 cos 2x− 2(1 + cos 2x)(3− 2 cos 2x)

)
cos x = 0 ¯à¨ ãá«®¢¨¨ sin x 6=

6= 0. �®£¤  «¨¡® cos x = 0 ¨ x = π
2 +πn | à¥è¥­¨ï, «¨¡® 2 cos2 2x+cos 2x−3 = 0.

� ¯®á«¥¤­¥¬ á«ãç ¥ «¨¡® cos 2x = 1 ¨ â®£¤  sin x = 1−cos 2x
2 = 0, «¨¡® cos 2x = −3

2 .
�«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ ­¥â à¥è¥­¨©.
2. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©





√
x2

9 +
√

x2

4 − y2

4 = 3
4 − x

3 ,√
15
16 − x + 2

3y = 1− 2
3y.

�â¢¥â:
(5

8 ; 3
8

)
.

�¥è¥­¨¥: �§ ¯¥à¢®£® ãà ¢­¥­¨ï ¨¬¥¥¬ 3
4 − x

3 ≥ 0 ¨
√

x2

4 − y2

4 = −x
2 +

(3
4

)2 ≥
≥ 0. �«¥¤®¢ â¥«ì­®, −y2

4 = −x
(3

4

)2
+

(3
4

)4, â. ¥. −x = − (2
3y

)2 − 9
16 . �§ ¢â®à®£®

ãà ¢­¥­¨ï á¨áâ¥¬ë ¨¬¥¥¬ 1 − 2
3y ≥ 0 ¨ −x =

(2
3y

)2 − 2y + 1
16 . �«¥¤®¢ â¥«ì­®,

2
(2

3y
)2 − 3

(2
3y

)
+ 5

8 = 0. �®£¤  2
3y = 3±2

4 . �á«¨ 2
3y = 5

4 , â® 1 − 2
3y = −1

4 < 0, â. ¥.
íâ® ­¥ à¥è¥­¨¥. �á«¨ ¦¥ 2

3y = 1
4 , â® 1 − 2

3y = 3
4 > 0, y = 3

8 ,   x = 5
8 . �à¨ íâ®¬

9
16 − x

2 = 1
4 > 0 ¨ 3

4 − x
3 = 13

24 > 0, â. ¥. íâ® à¥è¥­¨¥.
3. �¥è¨â¥ ­¥à ¢¥­áâ¢®

log|x−1|
(√

6− x + 4
) ≥ 2 log(x−1)2(10− 2x).

�â¢¥â: (0, 1) ∪ (1, 2) ∪ (2, 5).
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�¥è¥­¨¥: ���: x ∈ (−∞, 0) ∪ (0, 1) ∪ (1, 2) ∪ (2, 5). �à¥®¡à §ã¥¬ ª ¢¨¤ã

log|x−1|
(√

6− x + 4
) ≥ log|x−1|(10− 2x).

�à¨ |x−1| > 1 ¨¬¥¥¬
√

6− x+4 ≥ 10−2x, â. ¥.
√

6− x ≥ 6−2x. �«¥¤®¢ â¥«ì­®,
«¨¡® x > 3, «¨¡® x ≤ 3 ¨ 6−x ≥ (6−2x)2. �®£¤  ¯à¨ x ≤ 3 ¯®«ãç ¥¬ 4x2−23x+

+ 30 ≤ 0, â. ¥. x ∈ [
2, 15

4

]
. �«¥¤®¢ â¥«ì­®, x ≥ 2,   ãç¨âë¢ ï ��� ¯®«ãç ¥¬

x ∈ (2, 5) | à¥è¥­¨ï. �à¨ |x − 1| < 1 ¨¬¥¥¬
√

6− x + 4 ≤ 10 − 2x, â. ¥. x ≤ 2.
�ç¨âë¢ ï ��� ¯®«ãç ¥¬ x ∈ (0, 1) ∪ (1, 2) | à¥è¥­¨ï.
4. � ®á­®¢ ­¨¨ ¯àï¬®© ¯à¨§¬ë ABCDA1B1C1D1 «¥¦¨â âà ¯¥æ¨ï ABCD, ¢
ª®â®à®© AB = BC = CD = 2, AD = 4. �®çª¨ K, L, M «¥¦ â ­  ®âà¥§ª å A1B,
B1C, C1D á®®â¢¥âáâ¢¥­­® â ª, çâ®

A1K

KB
=

B1L

LC
=

C1M

MD
= 9.

�ä¥à  à ¤¨ãá  R = 2 ª á ¥âáï ¯àï¬ëå A1B, B1C, C1D ¢ â®çª å K, L, M

á®®â¢¥âáâ¢¥­­®. � ©¤¨â¥ à ¤¨ãá ®ªàã¦­®áâ¨, ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª 
KLM , à ááâ®ï­¨¥ ®â æ¥­âà  áä¥àë ¤® ¯«®áª®áâ¨ KLM , ¨ ®¡êñ¬ ¯à¨§¬ë.
�â¢¥â: r =

√
91
5 , ρ = 3

5 , V = 8
√

3.
�¥è¥­¨¥: � ¬¥â¨¬, çâ® AB ⊥ BD. �¥©áâ¢¨â¥«ì­®, BD =

√
9 + 3 =

√
12, â. ¥.

AD2 = 16 = AB2 + BD2 = 4 + 12. �ãáâì O | æ¥­âà ¤ ­­®© áä¥àë, h |
¢ëá®â  ¯à¨§¬ë. �ãáâì P ¨ P1 | á¥à¥¤¨­ë ®âà¥§ª®¢ AD ¨ A1D1. �ãáâì â®çª 
P ′ ­  ®âà¥§ª¥ PP1 â ª®¢ , çâ® P1P

′
P ′P = 9. �à®¢¥¤¥¬ ç¥à¥§ P ′ ¯«®áª®áâì Π ⊥ P1P .

�«®áª®áâì Π á®¤¥à¦¨â â®çª¨ K, L, M . �ãáâì A′, B′, C ′, D′ | ¯à®¥ªæ¨¨ â®ç¥ª
A, B, C, D ­  Π , ¨ ¯ãáâì X | á¥à¥¤¨­  ®âà¥§ª  A′B′. �§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢
A1A

′K ¨ BB′K ¨¬¥¥¬: A′K
B′K = 9. �®£¤  A′K = 9t, B′K = t, A′B′ = A′K + B′K =

= 10t = 2, ®âªã¤  t = 1
5 . �«¥¤®¢ â¥«ì­®, XK = A′B′

2 −B′K = 1− 1
5 = 4

5 . � ª ª ª
P ′X | áà¥¤­ïï «¨­¨ï ¢4A′B′D′, â® P ′X ‖ B′D′,   B′D′ ⊥ A′B′. �«¥¤®¢ â¥«ì­®,
P ′X ⊥ A′B′ ¨ P ′X =

√
4− 1 =

√
3. �®£¤  P ′K2 = P ′X2 + XK2 = 3 + 16

25 = 91
25 .

�­ «®£¨ç­® ¬®¦­® ãáâ ­®¢¨âì, çâ® P ′L2 = P ′M 2 = 91
25 . �â® ®§­ ç ¥â, çâ® P ′

17



| æ¥­âà ®ªàã¦­®áâ¨ à ¤¨ãá  r =
√

91
5 , ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  KLM ,

¨ §­ ç¨â O «¥¦¨â ­  ¯¥à¯¥­¤¨ªã«ïà¥ ª Π , ¯à®å®¤ïé¥¬ ç¥à¥§ P ′, â® ¥áâì ­ 
¯àï¬®© P1P .
� ¬¥â¨¬, çâ® P ′X ⊥ P ′C ′. �¥©áâ¢¨â¥«ì­®, P ′C ′ =

√
3 + 1 = 2 = C ′D′ = P ′D′.

�«¥¤®¢ â¥«ì­®, ∠C ′P ′D′ = π
3 = ∠P ′D′C ′ = ∠B′A′P ′,   ∠A′P ′X = π

2 − π
3 =

= π
6 . �®£¤  ∠XP ′C ′ = π − π

6 − π
3 = π

2 , çâ® ¨ âà¥¡®¢ «®áì. �®íâ®¬ã ¢¢¥¤ñ¬
¯àï¬®ã£®«ì­ãî á¨áâ¥¬ã ª®®à¤¨­ â P ′xyz á ­ ç «®¬ ª®®à¤¨­ â ¢ â®çª¥ P ′, â ª
çâ® ®áì P ′x á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′X, ®áì P ′y á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬
−−→
P ′C ′ =

−→
AB, ®áì P ′z á®­ ¯à ¢«¥­  á ¢¥ªâ®à®¬ −−→

P ′P . � ¯¨è¥¬ ª®®à¤¨­ âë â®ç¥ª
¨ ¢¥ªâ®à®¢: O(0, 0, z), K

(√
3, 4

5 , 0
)
, −−→OK

(√
3, 4

5 ,−z
)
, −−→A1B(0, 2, h). �á«®¢¨ï OK =

= R = 2 ¨ OK⊥A1B § ¯¨èãâáï â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬:




3 + 16
25 + z2 = 4,

8
5 − hz = 0.

�§ ¢â®à®£® à ¢¥­áâ¢  z > 0 ¨ â®£¤  z =
√

1− 16
25 = 3

5 | ¨áª®¬®¥ à ááâ®ï­¨¥,  
¢ëá®â  ¯à¨§¬ë h = 8

3 , â. ¥. ¨áª®¬ë© ®¡êñ¬ ¯à¨§¬ë à ¢¥­ V = 3
√

3h = 8
√

3.
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5. � âà¥ã£®«ì­¨ª¥ ABC â®çª  D «¥¦¨â ­  áâ®à®­¥ AC,   â®çª  E «¥¦¨â ­ 
®âà¥§ª¥ AD. �§¢¥áâ­®, çâ® ã£«ë ABE, DBE ¨ CBD à ¢­ë,   ¤«¨­  ®âà¥§ª  DE

¢¤¢®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  CD ¨ ¢âà®¥ ¬¥­ìè¥ ¤«¨­ë ®âà¥§ª  AE. � ©¤¨â¥
ã£«ë ABC ¨ BEC.
�â¢¥â: ∠ABC = 3π

4 , ∠BEC = arctg 2.
�¥è¥­¨¥: �ãáâì ∠ABE = ∠DBE = ∠CBD = α, ∠ACB = β, DE = x. �®£¤ 
CD = 2x ¨ AE = 3x. � ª ª ª BE ï¢«ï¥âáï ¡¨áá¥ªâà¨áá®© ¢ 4ABD, â® AB

BD =

= AE
DE = 3, â. ¥. AB = 3BD. �® â¥®à¥¬¥ á¨­ãá®¢ ¨§ 4ABC ¨ 4DBC ¨¬¥¥¬:

AB

sin β
=

3BD

sin β
=

6x

sin 3α
¨ BD

sin β
=

2x

sin α
.

�«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ 2x
sin 3α = 2x

sinα , â. ¥. sin 3α = sin α. � ª ª ª ¯® ãá«®¢¨î
á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  0 < α < π

3 , â® ¯®«ãç ¥¬ à ¢¥­áâ¢® α = π
4 ¨ ∠ABC =

= 3α = 3π
4 . �«¥¤®¢ â¥«ì­®, ∠CBE = 2α = π

2 ¨ 4CBE ¯àï¬®ã£®«ì­ë©. �®£¤ 
tg ∠BEC = BC

BE = DC
DE = 2, â. ¥. ∠BEC = arctg 2.

6. � ©¤¨â¥, ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà  a á¨áâ¥¬  ãà ¢­¥­¨©




x− y2 − a = 0,

x2 − y + a = 0

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
�â¢¥â: a = 1

4 .
�¥è¥­¨¥: �¥à¥¯¨è¥¬ á¨áâ¥¬ã ¢ ¢¨¤¥





x = y2 + a,

y = x2 + a.

� ¬¥â¨¬, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ a ¯ à ¡®«  x = y2 + a ¯®«ãç ¥âáï ¨§ ¯ à ¡®-
«ë y = x2 + a ¯®¢®à®â®¬ ­  90◦ ¯® ç á®¢®© áâà¥«ª¥. �«¥¤®¢ â¥«ì­®, ãª § ­­ë¥
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¯ à ¡®«ë «¨¡® ­¥ ¨¬¥îâ ®¡é¨å â®ç¥ª, «¨¡® ª á îâáï ¯àï¬®© y = x ¢ ®¤­®© ¨
â®© ¦¥ â®çª¥, «¨¡® ¨¬¥îâ ­¥ ¬¥­ìè¥ ¤¢ãå â®ç¥ª ¯¥à¥á¥ç¥­¨ï. � ª¨¬ ®¡à §®¬,
á¨áâ¥¬  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ â®«ìª® ¢ á«ãç ¥ ª á ­¨ï ãª § ­­ëå ¯ à -
¡®« ¯àï¬®© y = x ¢ ­¥ª®â®à®© â®çª¥ á ª®®à¤¨­ â ¬¨ (x; y). �á«®¢¨ï ª á ­¨ï
§ ¯¨èãâáï ¢ ¢¨¤¥ 2x = 1

2y = 1, â. ¥. x = 1
2 , y = 1

2 , ¨ a = x− y2 = y − x2 = 1
4 .

7. �¥è¨â¥ á¨áâ¥¬ã ãà ¢­¥­¨©




2x2 = −yz + x,

2y2 = xz − y,

2z2 = −xy + z.

�â¢¥â:





(0; 0; 0),
(1

2 ; 0; 0
)
,

(
0;−1

2 ; 0
)
,

(
0; 0; 1

2

)
,

(1;−1; 1),
(−1

7 ;−3
7 ;

3
7

)
,

(3
7 ;

1
7 ;

3
7

)
,

(3
7 ;−3

7 ;−1
7

)
.

�¥è¥­¨¥: �¬¥¥¬




2(x2 − y2) + z(x + y) = x + y,

2(y2 − z2)− x(y + z) = −(y + z),

2z2 + xy − z = 0,





(x + y)(2x− 2y + z − 1) = 0,

(y + z)(2y − 2z − x + 1) = 0,

2z2 + xy − z = 0.

1) �á«¨ x = −y = z, â® z2 = z ¨ z = 0 = x = y ¨«¨ z = 1 = x = −y.
2) �á«¨ x = −y 6= z, â® 2z − 2y + x = 1, â. ¥. 3x = 1 − 2z ¨ 2z2 = x2 + z. �®£¤ 
x = 1

3(1 − 2z) ¨ 2z2 = 1
9(4z

2 − 4z + 1) + z. �®«ãç ¥¬ 14z2 − 5z − 1 = 0 ¨ z = 1
2

¨«¨ z = −1
7 . �á«¨ z = 1

2 , â® x = y = 0. �á«¨ z = −1
7 , â® x = −y = 3

7 .
3) �á«¨ z = −y 6= x, â® 2x− 2y + z = 1, â. ¥. 2x = 1 + 3y ¨ 2y2 = −(x + 1)y = −
−3

2y− 3
2y

2. �®£¤  «¨¡® y = 0 = z ¨ x = 1
2 , «¨¡® 7

2y = −3
2 . �®«ãç ¥¬ y = −3

7 = −z

¨ x = −1
7 .

4) �á«¨ x 6= −y 6= z, â® 2x − 2y + z = 2z − 2y + x = 1. �«¥¤®¢ â¥«ì­®, x = z ¨
−2y + 3x = 1, â. ¥. y = 3

2x − 1
2 . �®«ãç ¥¬ 2x2 = 3

2x − 3
2x

2, â. ¥. «¨¡® x = 0 = z ¨
y = −1

2 , «¨¡® 2x = 3
2 − 3

2x, x = 3
7 = z ¨ y = 1

7 .
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